In this article, we study the Kapustin-Witten equations on a closed, simply connected, four-dimensional manifold which were introduced by Kapustin and Witten. We use Taubes' compactness theorem [C. H. Taubes, Compactness theorems for SL(2; ℂ) generalizations of the 4-dimensional anti-self dual equations, preprint (2014), https://arxiv.org/abs/1307.6447v4] to prove that if (A, ϕ) is a smooth solution to the Kapustin-Witten equations and the connection A is closed to a generic ASD connection A ∞ , then (A, ϕ) must be a trivial solution. We also prove that the moduli space of the solutions to the Kapustin-Witten equations is non-connected if the connections on the compactification of moduli space of ASD connections are all generic. At last, we extend the results for the Kapustin-Witten equations to other equations on gauge theory such as the Hitchin-Simpson equations and the Vafa-Witten on a compact Kähler surface.
Introduction
Let X be a closed, oriented, smooth, four-dimensional manifold with a given Riemannian metric g, and let P → X be a principal G-bundle with G being a compact Lie group. We denote by g P the adjoint bundle of P and by A P the space of smooth connections on P. On a 4-manifold X, the Hodge star operator * takes 2-forms to 2-forms, and we have * 2 = Id Ω 2 . The self-dual and anti-self-dual forms, we denoted Ω + and Ω − , are defined to be the ± eigenspace of * , Ω 2 T * X = Ω + ⊕ Ω − .
The Kapustin-Witten equations are defined on a Riemannian four-manifold given a principle bundle P. For most present considerations, G can be taken to be SU (2) or SO (3) . The equations require that a pair (A, ϕ) ∈ A P × Ω 1 (X, g P )
In mathematics, the analytic properties of solutions to the Kapustin-Witten equations were discussed by Taubes [24] [25] [26] and Tanaka [21] . In [24] , Taubes studied the Uhlenbeck style compactness problem for SL(2, ℂ) connections, including solutions to the above equations, on four-manifolds [25, 26] . In [21] , Tanaka observed that equations on a compact Kähler surface are the same as the Hitchin-Simpson equations [12, 18] and proved that the singular set introduced by Taubes for the case of Simpson's equations has a structure of a holomorphic subvariety. In [13] , the author proved that there exists a lower bounded for the L 2 -norm of extra fields unless the connection is anti-self-dual under some mild conditions on X, P, g, G.
One always uses continuous method to construct the solutions to some gauge-theoretic equations. For example, Freed, Uhlenbeck and Taubes [6, 22] used this technical to construct the ASD connections over a closed four-manifold. In this article, we suppose that the pair (A ∞ + a, ϕ) is a smooth solution to the Kapustin-Witten equations, where A ∞ is an anti-self-dual connection on P. Then the pair (A ∞ + a, ϕ) satisfies the equations d
We will show that if the connections are in a neighborhood of a generic anti-self-dual connection A ∞ , then the smooth solutions to the Kapustin-Witten equations on a closed four-manifold must be trivial solutions, i.e., F 
Remark 1.2.
We describe another result as follows, which is a small variation of the result in [13] . Let the pair (A, ϕ) be a smooth solution to the Kapustin-Witten equations. If (A, ϕ) is closed to (A ∞ , 0) in L 2 1 -topology, i.e., there exists a small enough constant δ ∈ (0, 1) such that
where A ∞ is a generic ASD connection, then A must be ASD and ϕ identically zero. We should point out that the result is different to Theorem 1.1. We do not make any assumptions on extra fields in Theorem 1.1. The following case may happen: if the connection A tends to a generic ASD connection A ∞ in L 2 1 -topology (under moduli gauge transformations), then the L 2 -norm of extra field ‖ϕ‖ L 2 (X) may tend to infinity. But, thanks to a compactness theorem of Taubes, we observed that if {(A i , ϕ i )} i∈ℕ is a sequence of smooth solutions to the Kapustin-Witten equations, then there exists a subsequence Ξ ⊂ ℕ such that the sequence {‖ϕ i ‖ L 2 (X) } i∈Ξ is a bounded subsequence under some conditions (see Lemma 3.10) . Using this useful observation, we could prove Theorem 1. 
We now take X to be a compact Kähler surface with Kähler form ω and E to be a principal G-bundle over X. Tanaka observed that the Kapustin-Witten equations are the same as the Hitchin-Simpson equations. Furthermore, if A is an SU(N)-ASD connection on E, then (see [14, Proposition 2.3] or [7, Chapter IV])
It is difficult to add certain mild conditions to ensure that ker(∂ A∂ * A +∂ * A∂ A )| Ω 0,2 (X,ad E) and ker d A | Ω 0 (X,ad E) vanish at some time. But one can see that ker d A | Ω 0 (X,ad E) = 0 is equivalent to the connection A being irreducible. It is convenient to introduce the c-generic metric, which ensures that the connections on the compactification of the moduli space of ASD connections on E,M(E, g), are irreducible; one can also see [7, Chapter IV]. Definition 1.4. Let X be a compact, connected Kähler surface and c a positive integer. We say that a Kähler metric g on X is c-generic if, for every SU(2)-bundle E over X with c 2 (E) ≤ c, there are no reducible ASD connections on E.
If we suppose that the Kähler metric g is c-generic, we could deform the connection A ∈ A 1,1 that obeys 
We denote by Remark 1.6. If the principal G-bundle P → X over the closed manifold X with p 1 (P) = 0, the solutions (A, ϕ) to the Kapustin-Witten equations are flat G ℂ -connections with the moment map condition [2] shows that the gauge-equivalence classes of flat G-connections over a connected manifold X are in one-to-one correspondence with the conjugacy classes of representations ρ :
If X is also a simply connected manifold, i.e., π 1 (X) is trivial, then the representations ρ must be a trivial representation. It is not useful to consider Kapustin-Witten equations on a principal G-bundle with p 1 (P) = 0 over a simply connected four-manifold.
The organization of this paper is as follows. In Section 2, we first recall gauge theory in four-dimensional manifolds. We also discuss the elliptic deformation complex and the Kuranishi model for the Kapustin-Witten equations. In Section 3, we recall a vanishing theorem for the extra fields of the decoupled Kapustin-Witten equations. Using an optimal inequality proved by Donaldson, we observe that the L 2 -norm of extra fields of non-trivial solutions to the Kapustin-Witten equations have a positive lower bounded. Thanks to Taubes' compactness theorem [24] , we observe that if (A i , ϕ i ) is a sequence of solutions to the Kapustin-Witten equations and the connection A i converges to an irreducible ASD connection A ∞ in L 2 1 (under moduli gauge transformations), then the sequence {‖ϕ i ‖ L 2 (X) } has a bounded subsequence. At last, we obtain our main result: if the connection A is closed to a generic ASD connection A ∞ , then (A, ϕ) must be a trivial solution. In Section 4, we extend the above results to the global case. We will prove that if the connections on the compactification of moduli space of ASD connectionsM ASD are generic, then ‖F + A ‖ L 2 (X) must have a uniform positive lower bound. In particular, the subspace of anti-self-dual solutions is not connected to the space of Kapustin-Witten equations. We also give some four-manifolds X with Riemannian metric g and principle SO(3)-bundles P → X which ensure that the connections onM ASD are generic. At last, we construct a gluing theorem for the connection A which obeys 
A neighborhood of an ASD connection

Yang-Mills theory on four-manifolds
Let X be an oriented, closed, smooth, Riemannian four-manifold and P → X a principal G-bundle with G being a compact Lie group. The Hodge star operator gives an endomorphism of Ω 2 with property * 2 = Id Ω 2 . We denote by Ω 2,+ and Ω 2,− the eigenvalues of +1 and −1. A 2-form in Ω 2,+ (or in Ω 2,− ) is called self-dual (or antiself-dual). Decomposing the curvature F A of a connection A according to the decomposition Ω 2 = Ω 2,+ ⊕ Ω 2,− of the 2-forms into self-dual and anti-self-dual parts, an ASD connection A on P naturally induces the YangMills complex
The i-th cohomology group H i A of this complex is finite-dimensional, and the index d = h 0 − h 1 + h 2 , where [16, 19] . Let (A, ϕ) ∈ A P × Ω 1 (X, g P ) be a smooth solution to the the Kapustin-Witten equations. Then the infinitesimal deformation at (A, ϕ) is given by
where the maps d
Thus the pair (A, ϕ) satisfies the Kapustin-Witten equations if and only if d
We can define the homology groups
We denote the isotropy group of the pair
is the Lie algebra of the stabilizer of (A, ϕ) and H 1 (A,ϕ) is the formal tangent space. The dual complex is 
where {(a, b), (a, b)} is the symmetric quadratic form given by
Given fixed (A 0 , ϕ 0 ), we look for solutions to the inhomogeneous equation KW(A 0 + a, ϕ 0 + b) = ψ 0 . By Proposition 2.1, this equation is equivalent to
To make this equation elliptic, it is natural to impose the gauge-fixing condition d
then the elliptic system can be rewritten as
Local interior estimates for elliptic system (2.1) are considered in [5, equation (3. 2)] in the context of PU (2) monopoles. This is also considered similarly for the Vafa-Witten equations in [16] .
An inequality for the connections near an ASD connection
Let A ∞ be a fixing ASD connection on P. Any connection A can be written uniquely as A = A ∞ + a with a ∈ Ω 1 (X, g P ).
In [1] , Donaldson proved that the connection A can be written as
u, whereÃ ∞ is also an ASD connection and u ∈ Ω 2,+ (X, g P ), i.e., the connection A satisfies
when the connection A ∞ is regular and a is small enough in L 2 1 -norm. The operator d
A is an elliptic selfadjoint operator on the space of L 2 sections of Ω 2,+ TX ⊗ g P . It is a standard result that the spectrum of d
is discrete, and the lowest eigenvalue is non-negative.
Definition 2.2. For
as the lowest eigenvalue of d
, where 1 ≤ p < ∞ and k is an integer, with respect to the connections are defined as
where
Theorem 2.3 ([1, Proposition 22]). Let X be a closed, four-dimensional, smooth Riemannian manifold with a smooth Riemannian metric, G a compact Lie group and P a smooth principal G-bundle over X. If there is a C
then there exists a solution a := d
In fact, the connec- Let G be a compact Lie group and P a principal G-bundle over a closed, smooth fourmanifold X with a smooth Riemannian metric g. The decoupled Kapustin-Witten equations on P over X require that a pair (A, ϕ) ∈ A P × Ω 1 (X, g P ) satisfies
Lemma 3.2. If a pair (A, ϕ) is a smooth solution to the decoupled Kapustin-Witten equations, then the extra field ϕ also obeys ϕ
Proof. At first, we observe that ∫ X tr(ϕ ∧ ϕ ∧ ϕ ∧ ϕ) = 0, and hence
Hence, taking the L 2 inner of the above identity with ϕ and integrating by parts, we obtain Proof. We denote by Z c the complement of the zero of ϕ. By unique continuation of the elliptic equation
is either empty or dense. Since ϕ ∧ ϕ = 0, ϕ has at most rank one. The Lie algebra of SU (2) or SO(3) is three-dimensional, with basis {σ i } i=1,2,3 and Lie brackets {σ i , σ j } = 2ε ijk σ k . In a local coordinate, we can set ϕ = ∑
On Z c , ϕ is non-zero. Then, without loss of generality, we can assume that ϕ 1 is non-zero. From (3.1), there exist functions μ and ν such that ϕ 2 = μϕ 1 and ϕ 3 = νϕ 1 . Hence we would re-write ϕ to
Then, on Z c , write ϕ = ξ ⊗ ω for ξ ∈ Ω 0 (Z c , g P ) with ⟨ξ, ξ⟩ = 1 and ω ∈ Ω 1 (Z c ). We compute
Taking the inner product with ξ and using the consequence of ⟨ξ, ξ⟩
Since ω is nowhere zero along Z c , we must have d A ξ = 0 along Z c . Therefore, A is reducible along Z c . However, according to Lemma 3.3, A is irreducible along Z c . This is a contradiction unless Z c is empty. Therefore, Z = X, so ϕ is identically zero.
A bounded property of extra fields
In this section, we will prove that the extra fields have a lower positive bound if the connections are on the neighborhood of a regular ASD connection. The result has a direct proof by using the Kuranishi model for the moduli space of Kapustin 
∞) with the following significance. If (A, ϕ) is a smooth solution to the Kapustin-Witten equations and the connection A obeys
Proof. Following Theorem 2.3, this implies that, for a suitable constant δ, the connection A can be written as A =Ã ∞ + a, whereÃ ∞ is also an ASD connection. Following the idea in [13] , we have two integrable inequalities
Combining the preceding inequalities gives
Uhlenbeck type compactness of Kapustin-Witten equations
We now recall the work by Taubes on the Uhlenbeck style compactness theorem of Kapustin-Witten equations on closed four-dimensional manifolds [24] . In [21] , Tanaka also briefly described the compactness theorem. Let X be a closed, oriented, smooth Riemannian four-manifold with Riemannian metric g and P → X a principal G-bundle over X with G being SU(2) or SO(3). We consider a sequence of solutions {(A i , ϕ i )} to the Kapustin-Witten equations. We put r i := ‖ϕ i ‖ L 2 (X) . In the case that {r i } has a bounded subsequence, the Uhlenbeck compactness theorem with the Weitzenböck formula deduces the following. 
The analysis for the case that {r i } has no bounded subsequences was the bulk of [24 
In addition, there exist a subsequence Ξ ⊂ ℕ and a sequence of automorphisms g i : As was the case for the Uhlenbeck theorem, the number of elements in Θ only depends on the first Pontrjagin class p 1 (P). In particular, Θ is empty if the first Pontrjagin class of p 1 (P) = 0. As for the structure of the above Z, Taubes proved that Z has the Hausdorff dimension at most 2 (see [24] ).
For a sequence of connections {A i } on P, Tanaka defined a set S({A i }) as follows:
where ε 0 is a positive constant defined as in [20] . This set S({A i }) describes the singular set of a sequence of connections {A i }. In [20] , Tanaka observed that, under the particular circumstance where the connections are non-concentrating and the limiting connection is non-locally reducible, one obtains an L 2 -bound on the extra fields. We extend the idea used by Tanaka We then have a useful lemma as follows. Proof. For the sequence of {A i } i∈ℕ on P, one can see that S({A i }) = ⌀, where S(A i ) is defined as in equation (3.2). Following [19, Theorem 1.3] , there exist a subsequence Ξ ⊂ ℕ and a sequence of gauge transformations g * i (A i ) i∈Ξ that converges weakly in the L 2 1 -topology. We denote the limit connection byÃ ∞ . Under our assumption on the sequence {A i } i∈ℕ , there exists a gauge transformation g ∞ such that g * ∞ (A ∞ ) =Ã ∞ . Hencẽ A ∞ is also not locally reducible since the locally reducible connection on a simply connected manifold is also reducible [20, Appendix B] . At last, following Theorem 3.9, this implies that there exists a positive number C such that ‖ϕ i ‖ L 2 (X) ≤ C for all i ∈ Ξ.
Proof of Theorem 1.1. We suppose that the pair (A, ϕ) is a smooth solution to the Kapustin-Witten equations, and A is not ASD with respect to the metric g. If we suppose that the constant δ does not exist, we may choose a sequence {(A i , ϕ i )} i∈ℕ of solutions to the Kapustin-Witten equations on P such that dist(A i , A ∞ ) → 0 as i → ∞. Then, following Proposition 3.6 and Lemma 3.10, there exist a subsequence Ξ ⊂ ℕ and two positive constants C, c such that c ≤ ‖ϕ i ‖ L 2 (X) ≤ C. Following the compactness theorem (Theorem 3.7), there exists a pair (A ∆ , ϕ ∆ ) ∈ A P ∆ × Ω 1 (X, g P ∆ ) that obeys the Kapustin-Witten equations, and there are a subsequence Ξ ⊂ Ξ and a sequence {g i } i∈Ξ of automorphisms of
Thus the extra field ϕ ∆ also has a lower positive bound
But, on the other hand, under our initial assumption regarding the sequence
Thus the connection A ∆ is also irreducible. Following the vanishing theorem (Theorem 3.4), this implies that the extra field ϕ ∆ = 0. This contradicts that ‖ϕ ∆ ‖ L 2 (X) has a uniform positive lower bound. The preceding argument shows that the desired constant δ exists.
A bounded property of curvatures
In this section, we extend the proof method of Theorem 1.1 to the global case. We suppose that the connections We then recall a result of extra fields ϕ, which was proved by the author [13] . Now we begin to consider a sequence of smooth solutions {(A i , ϕ i )} i∈ℕ to the Kapustin-Witten equations. If we suppose that ‖ϕ i ‖ L 2 (X) has no bounded subsequence, following the compactness Theorem 3.8 proved by Taubes, we only know that the connection A ∆ has harmonic curvature. Moreover, if we suppose that F
converge to zero in L 2 -topology, then we can claim that A ∆ is an anti-self-dual connection on the complement of Z ∪ Θ ∪ Σ. Proof of Corollary 3.13. We can apply Theorem 3.14 to the sequence {A i } i∈ℕ . This yields a subsequence Ξ ⊂ ℕ, a sequence of gauge transformations {g i } i∈Ξ and an anti-self-dual connection A ∞ on a principal Gbundle P ∞ , which is the weak L 2 1 limit of {g * i (A i )} i∈Ξ over X − Σ, and Σ is the set of some points on X. If the sequence r i does not have a bounded subsequence, then apply Theorem 3.8 to the subsequence {(A i , ϕ i )} i∈Ξ . Recall from Theorem 3.8 that A ∆ is the limit over compact subset of X − (Z ∪ Θ) of gauge transformations of {A i } i∈Ξ . In particular, both A ∞ and A ∆ are weak L ‖ L 2 (X) converging to zero in L 2 -topology will be invalid since S(A i ) may be not empty. But we could prove a compactness theorem for a sequence of solutions to the Kapustin-Witten equations by using the Lemma 3.3.
Proposition 3.15. Let X be a closed, oriented, simply connected, four-dimensional manifold with a smooth Riemannian metric g and P → X a principal SU(2) or SO(3)-bundle with p 1 (P) negative. Suppose that the connections onM ASD (P, g) are irreducible. If {(A i , ϕ i )} i∈ℕ is a sequence of smooth solutions to the Kapustin-Witten equations and the curvatures F
converge to zero in L 2 -topology, then there exist (1) an integer L and a finite set of points Σ = {x 1 , . . . , x L } ⊂ X, (2) a subsequence Ξ ⊂ ℕ; we also denote by {A i } a sequence of gauge transformations {g i } i∈Ξ such that
Proof. At first, we claim that the sequence r i := ‖ϕ i ‖ L 2 (X) has a bounded subsequence. If not, the sequence r i does not have a bounded subsequence. Following Theorem 3.8, we have Z, Θ and σ ∆ , v, which are described in Theorem 3.8. We define σ ∞ := g * ∆ (σ ∆ ) over X − (Z ∪ Θ ∪ Σ), where g ∆ , Σ are as described in the proof of Corollary 3.13. Following Theorem 3.8, we then have
Thus we have a section s := v ⊗ σ ∞ on P ∞ | X−(Z∪Θ∪Σ) , and one can see that v ⊗ σ ∞ is non-zero all over X − (Z ∪ Θ ∪ Σ). We can rewrite s to s =σ ⊗ṽ , whereσ ∈ Γ(X − (Z ∪ Θ ∪ Σ), g P ∞ ) andṽ ∈ Ω 1 (X − (Z ∪ Θ ∪ Σ)). We also set ⟨σ ,σ ⟩ = 1, and thus ⟨d A ∞σ ,σ ⟩ = 0 along X − (Z ∪ Θ ∪ Σ). In a direct calculation, we have d A ∞σ ∧ṽ +σ ∧ dṽ = 0, and thus dṽ = 0. It follows that d A ∞σ ∧ v = 0. Sinceṽ is nowhere zero along X − (Z ∪ Θ ∪ Σ), we must have d A ∞σ = 0. According to Lemma 3.3, A is irreducible along an open set of X − (Z ∪ Θ ∪ Σ); thenσ = 0. This contradicts that s is non-zero on X − (Z ∪ Θ ∪ Σ). Hence we prove that the sequence {r i } i=1,2,... must have a bounded subsequence. Then, following the compactness theorem (Theorem 3.7), there exists a pair (A ∆ , ϕ ∆ ) ∈ A P ∆ × Ω 1 (X, g P ∆ ) that obeys the Kapustin-Witten equations, and there are a subsequence Ξ ⊂ Ξ and a sequence {g i } i∈Ξ of automorphisms of P ∆ such that {(g * i (A i ), g * i (ϕ i ))} i∈Ξ that converges to (A ∆ , ϕ ∆ ) in the C ∞ topology on X − {x 1 , . . . , x L }. Under the assumption of {A i } i∈ℕ , the connection A ∆ is an irreducible anti-self-dual connection, and then the vanishing theorem ensures ϕ ∆ = 0.
Proof of Theorem 1.3. Now we begin to proof Theorem 1.3. Suppose that the constant δ does not exist. We may choose a sequence of solutions {(A i , ϕ i )} i∈ℕ to the Kapustin-Witten equations such that ‖F
Following Proposition 3.15, there exist a subsequence Ξ ∈ ℕ and a sequence of transformations
This contradicts that ‖ϕ i ‖ L 2 (X) has a uniform positive lower bound (see Theorem 3.12). The preceding argument shows that the desired constant δ exists. If we denote by A ∞ an ASD connection on P, then the curvature F A of a connection A := A ∞ + a has an estimate
),
where δ is a positive constant as above. So we can setδ := min{1,
unless A is ASD with respect to metric g.
Some examples
In this section, we give some conditions on the topology of manifolds, the metric of manifolds and the topology of principle bundles to ensure that the connections onM ASD are all generic. For a compact fourmanifold X, the compactificationM ASD (P, g) of M ASD (P, g) contained in the disjoint union
We denote by η(P) the element in H 2 (X, ℝ), which is defined by [17, Proof. If G = SU(2) or SO(3), X is a simply connected four-manifold and b + (X) > 0, then, following [2, Corollary 4.3.15], the only reducible anti-self-dual connection on a principal G-bundle over X is the product connection on the product bundle P = X × G if and only if the anti-self-dual connection is a flat connection, i.e., p 1 (P) = 0. Hence, under our assumption on X, P, G, the anti-self-dual connection must be irreducible.
In Proposition 3.16, we mean by generic metric the metrics in a second category subset of the space of C k metrics for some fixed k > 2 (see [2, Section 4] 
unless A is anti-self-dual with respect to g.
Kähler surfaces
In this section, we now denote by X a compact Kähler surface with a Kähler form ω and by E a principal Gbundle over P with structure group G. We also set 
Proposition 4.1. Let X be a closed Kähler surface. The Kapustin-Witten equations have the following form that requires
Hence the bundle E on X is holomorphic, and θ is a holomorphic section of End(E) ⊗ Ω 1,0 (X), i.e., the bundle (E, θ) is a Higgs bundle. Following the Kobayashi-Hitchin corresponding to the Higgs bundle [12, 18] , we know that the Higgs bundle (E, θ) is stable since the pair (A, ϕ) satisfies the Hitchin-Simpson equations.
Irreducible connections
In this section, we first recall a definition of the irreducible connection on a principal G-bundle. Given a connection A on a principal G-bundle E over X, we can define the stabilizer Γ A of A in the gauge group G E by Γ A := {u ∈ G E |u * (A) = A}; one can also see [2, 6] . A connection A is called reducible if the connection A whose stabilizer Γ A is larger than the center C(G) of G. Otherwise, the connections are irreducible, and they satisfy Γ A ≅ C(G). For the cases G = SU(2) or SO(3), it is easy to see that a connection A is irreducible when it admits no non-trivial covariantly constant Lie algebra-value 0-form, i.e., ker d A | Ω 0 (X,ad E) = 0. We can define the least eigenvalue λ(A) of d * A d A as follows. 
Definition 4.2. For
, and let U ⊂ X be the open subset given by
Let G be a compact Lie group; A 0 , A are C ∞ connections on the principal G-bundles E 0 and E over X, and p ∈ [2, 4). There is an isomorphism of principal G-bundles, u : E ↾ X\Σ ≅ E 0 ↾ X\Σ, and identify E ↾ X\Σ with E 0 ↾ X\Σ using this isomorphism. Then λ(A) satisfies the upper bound
and the lower bound
where c is a positive constant that depends on g, p.
We now have the useful corollary.
Corollary 4.4. Let G be a compact Lie group and P a principal G-bundle over a closed, smooth, oriented, fourdimensional Riemannian manifold X with a Riemannian metric g. If
{A i } i∈ℕ is a sequence C ∞ connection on P and the sequence {F Fix an algebraic surface S and an ample line bundle L on S. For every integer c, we have defined the moduli space M c (S, L) of L-stable rank-two holomorphic vector bundles V on S such that c 1 (V) = 0 and c 2 (V) = c. Taubes [23] has shown that if X is an arbitrary closed four-manifold and g is any Riemannian metric on X, then the moduli space of all irreducible g-ASD connections on P with c 2 (P) = c moduli gauge equivalence, which is denoted by M (P c , g ), is non-empty if c is sufficiently large. In the case of an algebraic surface S and a Hodge metric corresponding to the ample line bundle L, similar existence results are due to Maruyama and Gieseker [10] . Proof. By a standard argument, the set of ω in the ample cone which is orthogonal to an integral class α with 0 < −α 2 ≤ c is the intersection of the ample cone with a collection of hyperplanes in H 2 (S; ℝ) which is locally finite on the ample cone. The result is immediate from this.
For a compact Kähler surface X, we have a moduli space of ASD connections M(E, g). The compactification M(E, g) of M(E, g) is contained in the disjoint union,
M(E, g) ⊂ ⋃(M(E l , g) × Sym l (X)).
Approximate ASD connections
In this section, we will give general criteria under which an approximate ASD connection A ∈ A 1,1 E can be deformed into another approximate ASD connection A ∞ which obeys the equation
Let A be a connection on a principal G-bundle over X. Equation (4.2) for a second connection A ∞ := A + a, where a ∈ Ω 1 (X, ad E) is a bundle-valued 1-form, can be written as
We seek a solution to equation ( 
Now we begin to prove Theorem 4.8. The method of the proof of Theorem 4.8 is based on Taubes' ideas [22] . At first, suppose that s and f are sections of ad E with
The first observation is the following lemma. 
where c = c(λ, g) is a positive constant.
Proof. Since ∇ *
A ∇ A is an elliptic operator of order 2, then, for each k ≥ 0, there is a positive constant C k so that, for all sections v of ad E (see [2, 
) is a positive constant. By the Sobolev inequality in four dimensions,
where C is a positive constant.
Lemma 4.10. If d *
We can prove the existence of a solution to (4.4) where
We denote g k = f k − f k−1 and g 1 = f 1 . Then
It is easy to show that, under the assumption of Λ ω F A , the sequence f k defined by
Cauchy with respect to L 2 , and so converges to a limit f in the completion of Γ(ad E) under L 2 . 
Proof. The proof is by induction on the integer k. The induction begins with k = 1, and one can see that g 1 = Λ ω F A . The induction proof is completed by demonstrating that if (4.7) is satisfied for j < k, then it also satisfied for j = k. Indeed, since
Now we provide the constants ε sufficiently small and C sufficiently large to ensure that
Proof of Theorem 4.8. The sequence g k is Cauchy in L 2 , and the limit f := lim i→∞ f i is a solution to (4.6). Using Lemma 4.9 and Proposition 4.11, we have
.
We provide ε and C to ensure Cε
where c is a positive constant.
A topological property for the moduli space of stable Higgs bundles
In this section, we use the inequality in Theorem 4.8 to prove that the Higgs filed has a positive lower bound if the Kähler metric g is c-generic. Following Theorem 3.4, we have a vanishing result of Higgs fields as follows. We denote ϕ = √ −1(θ − θ * ) ∈ Ω 1 (X, ad E). Suppose that the constant C does not exist. We may provide a positive constant ε 0 such that 0 
To obtain the second identity, we use the Weitzenböck formula [6, equation (6.25) 
We also observe that ⟨F
Combining the preceding inequalities gives
≤ C, then Λ ω F A ≡ 0. This contradicts our initial assumption regarding Λ ω F A . The preceding argument shows that the desired constant C exists.
We also suppose that X is simply connected if the constantC does not exist. We may choose a sequence {(A i , θ i )} i∈ℕ of the Hitchin-Simpson equations such that ‖Λ ω F A i ‖ L 2 (X) → 0. We set ϕ i := √ −1(θ i − θ * i ). Following the idea of Theorem 1.3, Proposition 3.15 implies that there exist a subsequence Ξ ∈ ℕ and a sequence of transformations
has a uniform positive lower bound. The preceding argument shows that the desired constantC exists. Proof. Taubes [23] has shown that if X is an arbitrary closed four-manifold, g is any Riemannian metric on X and P is an SU(2)-bundle with c 2 (E) = c sufficiently large, then there exists an irreducible ASD connection on P. The moduli space M ASD (E, g) is non-empty under our conditions. Since the map (A, θ) → ‖θ‖ L 2 is continuous, then the moduli space M HS is not connected.
By Proposition 4.7 and Corollary 4.13, we have the following corollary. 
Vafa-Witten equations
We next consider an analogue of the Hitchin-Simpson equations, called Vafa-Witten equations [27] . Let X be a closed, oriented, smooth four-manifold and E a principal G-bundle with G being a compact Lie group over X. We denote by A a connection on E, by B a section of the associated bundle Ω 2,+ ⊗ ad E and by C a section of ad E. A triple (A, B, C) We take X to be a compact Kähler surface with Kähler form ω. In local orthonormal coordinates, we can write B = β − β * + B 0 ω, where β ∈ Ω 2,0 (X, ad E), B 0 ∈ Ω 0 (X, ad E) and γ = C − √ −1 B 0 ; one can see [16, Chapter 7] for details. Mares also discussed a relation between the existence of a solution to the equations and the stability of vector bundles [16, 19] .
Definition 4.16. For any β ∈ Ω 2,0 (X, End E) ≅ Ω 0 (Hom(E, E ⊗ K)), we say that a subbundle E ⊂ E is β-invariant if β(E ) ⊂ E ⊗ K. A holomorphic bundle E is β-stable (semi-stable) if all β-invariant holomorphic subbundles E ⊂ E satisfy
We also recall a bound on ‖β‖ L ∞ in terms of ‖β‖ L 2 . One can see [16] for details. We also observe that
for a positive constant c = c(g). Combing the preceding inequalities gives
for a positive constant c = c(g). We provide ‖β 0 ‖ 2 L 2 (X) ≤ 1/(2c), and thus Λ ω F A = 0. This contradicts our initial assumption regarding Λ ω F A . The preceding argument shows that the desired constant C exists.
We denote by 
